We study Coulomb branch ("u-plane") 
Introduction
The Donaldson invariants of four-manifolds have been a source of fascination both in mathematics and in physics. While there has been much progress in understanding these invariants, there is more to learn, particularly in terms of the relation of the invariants to Floer homology [1] and to Gromov-Witten invariants [2] [3] . Understanding the invariants in these contexts leads to the need to understand the Donaldson invariants for non-simply connected four-manifolds X. Most investigations of Donaldson invariants have focussed on the case π 1 (X) = 0. There exists a mathematical definition in the non-simply connected case [4] but comparitively little is known about this case. This paper derives some new results on Donaldson invariants for 4-manifolds with first Betti number b 1 (X) > 0. We do not consider the effects of torsion in H * (X; Z Z), nor the effects of a nonabelian fundamental group.
Recently, using Witten's physical approach to Donaldson theory [5] [6] [7] [8], a fairly systematic (physical) procedure has been developed for deriving various properties of the Donaldson invariants, including wall-crossing and blowup formulae, and the relation to Seiberg-Witten invariants [9] [10] [11] [12] [13] . The systematic procedure, which begins with certain integrals over the Coulomb branch of vacua of an N = 2 SYM theory can be extended to higher rank gauge groups and to nonsimply connected manifolds. In [9] [10] partial results were obtained for nonsimply connected manifolds. In this paper a more complete treatment is given for the rank one groups SU (2), SO(3).
Our main results are:
1. A wall-crossing formula for the Donaldson invariants in equations (3.4) and (3.16) below.
An expression for the Donaldson invariants in terms of SW invariants. For manifolds of simple type this is given in equation (4.17) below. It is a natural generalization of
Witten's formula [7] , obtained in the simply connected case.
Explicit expressions for the Donaldson invariants for X = CP
1 × F g where F g is a Riemann surface of genus g. We give answers valid in both the chambers vol(CP 1 ) → 0 and vol(F g ) → 0.
The expressions in equations (5.17), (5.19 ) below might prove useful in future studies of the Gromov-Witten invariants of the moduli space of flat connections on F g .
2.
The u-plane integral for b 1 > 0.
In this section we extend and elaborate on the results of section 10 of [9] . We consider an arbitrary insertion of observables, using the proposal for the contact terms in [10] .
Consider an N = 2 SU (2) or SO(3) supersymmetric Yang-Mills theory 1 on a compact oriented 4-manifold X of b 1 (X) > 0. As explained in [9] the Donaldson-Witten generating function can be written as Z DW = Z u +Z SW where Z u is the Coulomb branch integral and Z SW is the contribution of the Seiberg-Witten invariants. The Coulomb branch integral is only nonvanishing for b + 2 (X) = 1, but, by a procedure explained in [9] [12] can be taken as the starting point for a systematic derivation of Z DW . In the case of b 1 (X) > 0 the Coulomb integral can be obtained by a simple generalization of the arguments in section three of [9] . First of all, the photon partition function includes [8] an integration over b 1 zero modes of the gauge field corresponding to flat connections. These zero modes span the tangent space to a torus of dimension b 1 ,
The zero modes of the one-forms ψ live in this tangent space. As a consequence of having these extra zero modes, the photon partition function is
where θ 0 (τ, τ) is the Siegel-Narain theta function introduced in [8] [14] [9] .
The next ingredient comes from the measure for the ψ-fields. The expansion in zero
is an integral basis of harmonic oneforms, and we identify H 1 (X) ≃ H 1 (X, Z Z). The c i are Grassmann variables. The measure for the ψ fields is then:
We can consider the c i as a basis of one -forms β
In this way we can identify
where L is the universal flat line bundle over T b 1 × X.
1 For simplicity we do not include hypermultiplets.
Taking into account (2.1) and (2.2), we see that the Coulomb integral (without any insertion of observables) can be written as [9] :
where P ic(X) denotes a sum over line bundles and an integration over T b 1 . The integration over ψ is understood as integration of differential forms on T b 1 . The orientation of the measure of the finite-dimensional integral (2.4) corresponds to a choice of Donaldson orientation of the moduli space of instantons [15] .
Consider now the generating function for an arbitrary insertion of zero, one, two and three observables. We introduce the formal sums of cycles 
where a 1 , a 2 and a 3 are constants that should be fixed by comparison to known mathematical results. The constant for the two-observable has been already fixed in [9] , a 2 = i/ √ 2π.
K is the canonical descent operator in the normalization of [9] , and we have, explicitly:
In addition, we have to take into account various contact terms associated to the intersecting cycles [9] [10]. These come from intersections of two, three and four cycles on the manifold X. For the intersection of two cycles we have
For intersection of three cycles, we have the possibilities 9) and for intersection of four cycles we only have the possibility
The contact term corresponding to S ∩ S was obtained in [9] . A proposal for the structure of the contact terms corresponding to more general intersecting cycles was made in [10] .
According to this proposal, the contact term associated to the intersection of p cycles is given by the appropriate descendant of the p-th derivative of the Seibeg-Witten prepotential with respect to a deformation parameter τ 0 . Moreover [11] [12], this deformation parameter τ 0 can be related to the dynamically generated scale of the theory Λ (in the case of the asymptotically free theories) or to the microscopic gauge coupling, in the case of self-dual gauge theories. For SU (2) N = 2 supersymmetric Yang-Mills theory, the relation between τ 0 and Λ is given by Λ 4 = e iπτ 0 . This is related to the fact that log Λ can be identified with the first slow time of the Toda-Whitham hierarchy [16] . Following the proposal of [10] the contact terms for the various intersections in (2.8), (2.9) and (2.10) are of the form
where the a's are constants which will be determined below. In this equation, F
τ 0 denotes the p-th derivative of the prepotential with respect to τ 0 , and T (u) = (4/πi)F (2) τ 0 . The contact term for S ∩ S can be written as [10] [11]:
The constants a ij , a ijk and a ijkl will be obtained in terms of a i , i = 1, 2, 3, using singlevaluedness of the integrand on the u-plane. Notice that one expects, on physical grounds, that a ij is proportional to a i a j , and so on.
We can already plug the observables (2.6) and the corresponding contact terms (2.11) into the generating function and write an explicit expression for the u-plane integral. It is important, however, to check that the resulting expression has good properties under duality transformations, that is, that the integrand is single-valued in the u-plane. This is not obvious due to the holomorphic "functions" that appear in (2.7) and (2.11). Following the strategy of [9] , we will first of all integrate the auxiliary field D. Comparing to the expressions in the simply-connected case, we see that the new terms coupling to D appear in the combination
and we interpret Σ 3 as a harmonic one-form using Poincaré duality and the Hodge theorem.
To guarantee that the resulting lattice sum over first Chern classes is well-behaved under duality transformations, the two-formS should be invariant under duality. To achieve this, we redefine the ψ field asψ
Then, if we choose
We then see that, ifψ is a modular form of weight (1, 0), thenS is a modular form of weight zero. Notice that the redefinition of ψ in (2.15) does not change the ψ measure. To obtain the above expression forS, we have taken into account that
Once this redefinition has been made, the u-plane integral involves a lattice sum identical to the one in the simply-connected case but with the substitution S →S, and additional holomorphic insertions (coming from the observables and contact terms) that, once they are reexpressed in terms ofψ andS, should be modular forms of weight zero. This is in fact the case for appropriate choices of the constants in (2.11). The computation is lengthy but straightforward. Duality invariance fixes all the constants in (2.11) in terms of a 1 , a 2 and a 3 . The final result is:
The u-plane integral is therefore given by:
where
Notice that, in the above exponential, all the terms are modular forms of weight zero ifψ is a modular form of weight (1, 0). There is another check one can do of the above functions: one can formally assign an R-charge to the cycles in such a way that the observables have R-charge zero, namely:
, we see that the definitions ofψ,S are consistent with this R-charge assignment and that, moreover, all the terms in the exponential of (2.20) have zero Rcharge. This is in fact an example of Seiberg's trick since the insertions of (2.6)(2.11) may be regarded as operators in some UV theory (e.g. in a brane configuration).
The remaining constants a 1 , a 3 will be fixed below by comparing to certain topological results [17] . In principle, the coefficients in (2.20) are fixed by the proposal of equation (2.14) of the first paper in [10] . Although we find the proposal of Losev, Nekrasov, and
Shatashvili natural, because of the many conventions involved we have not checked that the coefficients derived in (2.20) are consistent with their equation (2.14).
Donaldson wall-crossing
In this section we want to compute the wall-crossing formuale associated to the region at infinity of the u-plane. To compare to mathematical results, it is better to write the expression in terms of ψ, S. There are two standard mathematical facts for manifolds of b + 2 = 1 that will be very useful in writing the resulting wall-crossing formula [17] . First, for any β 1 , β 2 , β 3 and β 4 in H 1 (X, Z Z), one has β 1 ∧ β 2 ∧ β 3 ∧ β 4 = 0. Second, the image of the map
is generated by a single rational cohomology class Σ (not to be confused with the threecycle Σ 3 ). We introduce now the antisymmetric matrix a ij associated to the basis β i of
which does not depend on the choice of basis. This is a volume element for the torus, With all these ingredients, we can already write the wall-crossing formulae. Notice that, because of the first fact, many terms on the u-plane integral (2.21) vanish. We will write the formula first for an insertion of two and four observables. In this case, a straightforward generalization of the arguments in [9] gives:
where we use the value obtained in [9] for the universal constants α, β, and
We can actually compute the integral over T b 1 and give an expression in terms of modular forms which generalizes the expressions given in [9] [18] [19] . Using the explicit expressions given in [9] for the Seiberg-Witten solution in terms of modular forms, we find that
Using (2.3) and (3.2) we find
hence we can perform the integral over T b 1 to write a very explicit expression for (3.4):
Notice that this result confirms the conjecture in p. 18 of [17] . As a check of this expression, and also to fix an overall coefficient depending on b 1 , we will compute the wall-crossing for the correlator p r S d−2r on a ruled surface, where d is half the dimension of the moduli space, and compare it to the expressions in [17] . Introduce the integer cohomology class ζ = 2λ.
In [17] , Muñoz computes the wall-crossing for walls satisfying ζ 2 = p 1 and ζ 2 = p 1 + 4, where p 1 is the Pontryagin number of the instanton bundle. For ζ 2 = p 1 , it is easy to see that only the first coeffcients in the expansion in q contribute to (3.9), and there is no contribution form the contact term T (u). To compare the formulae, notice that we have to multiply our wall-crossing expression by r!(d − 2r)!, as we are considering the Donaldson-Witten generating function. We finally obtain, also agrees with [17] . In this case the computation is more involved, as one has to take into account the first two coefficients in the q-expansion of the various functions in (3.9).
We consider now an arbitrary insertion of observables associated to one, two, and three cycles. We have new contact terms as well as new terms in the integration over the torus. To write these in a convenient way, notice that we can use Poincaré duality and the
Using (2.3), we find
In the same way, using the isomorphism
, where the ζ i were defined in (2.5). We then obtain, using (2.3) again,
The functions appearing in the u-plane integral can be written in terms of Jacobi theta functions and Eisenstein series as follows,
The wall-crossing formula now reads,
In the case of ruled surfaces and for ζ 2 = p 1 , we find again agreement with the expressions obtained by Muñoz. In fact, comparing to the formula in p.13 of [17] , we can find the values of a 1 , a 3 : 
The Seiberg-Witten contribution
We can now follow the strategy in [9] and find the form of the Seiberg-Witten contribution at the monopole and dyon cusps. We focus on the monopole cusp, as the contribution at the dyon cusp can be obtained using the Z Z 2 symmetry on the u-plane. In fact, as the functions involved in the monopole contribution are universal and they have been obtained in [9] in the simply-connected case, we will be able to derive the general wall-crossing formula of [20] is ψ, which is a one -form on X and also a one-form on M λ . It can be written as:
where β i ∈ H 1 (X, Z Z), i = 1, . . . , b 1 is the basis of one-forms considered before, and
are the one-observables of Seiberg-Witten theory. The generalized Seiberg-Witten invariant associated to the one-forms β 1 , . . . , β r is defined by intersection theory on M λ :
where d λ = λ 2 − (2χ + 3σ)/4 is the virtual dimension of M λ . These generalized invariants (and their wall-crossing) have been considered in [21] .
The Seiberg-Witten twisted Lagrangian near u = 1 (with the monopole fields included)
can be written as [9] [11] and, as we see, the terms which are not Q-exact do not depend on the metric. The exponentiation of the terms involving the densities TrR∧R, TrR∧R gives, after integration on X, the gravitational factors P (u) σ/8 , L(u) χ/4 considered in [9] . The term involving F ∧F gives a factor C(u) λ 2 /2 , where F = 4πλ and C(u) = e −2πiτ M . The terms C(u), L(u) and P (u) are universal (they do not depend on the manifold X) and they were found in [9] using matching of wall-crossing in the simply-connected case. They can be written as 
which is the magnetic version of the function in the T b 1 integral of (3.4), but with the smooth coupling constant (4.6). When we expand the exponential involving the oneobservables, we obtain the generalized Seiberg-Witten invariants with 2b insertions, b = 0, . . . , b 1 . The final expression is:
On the other hand, the wall-crossing formula for the u-plane integral near u = 1 can be written as
where we have included the extra factors depending on b 1 that we obtained in the previous section by comparing to the expressions in [17] . Notice that, from (4.6), one has 11) and (4.10) can then be expanded as:
Now we can compare the expressions for wall-crossing obtained from (4.9) and (4.12).
Notice again that, to identify the fields ψ with the one-observables in (4.2) we have to be careful with possible normalization factors needed to agree with the normalization used by topologists. But for the terms with no insertions, i.e. b = 0 in (4.9), we should be able to obtain the wall-crossing formula for this Seiberg-Witten invariant. In fact, we find:
, and 2λ is the determinant line bundle of the corresponding Spin c structure, we find perfect agreement with [20] [21] (notice that the wall-crossing formula in Theorem 1.2 of [20] should have an extra factor of 2 −b 1 /2 ). For the wallcrossing of Seiberg-Witten invariants with one-observable insertions, the general formula of [21] is (in our notation):
and we see that, if we introduce a normalization factor 2 −9/4 π −1/2 i for the fields ψ, we obtain from the matching of wall-crossing the expression 15) again in agreement with (4.14). The expression (4.14) can be actually derived by considering general insertions of one and three-observables.
We then see that, in general, the Donaldson invariants for a non-simply connected manifold should be written in terms of the generalized Seiberg-Witten invariants, and only in this case we have consistent formulae for matching of wall-crossing. When we include arbitrary observables associated to one-and three-cycles, the above expressions are more complicated and we have to take into account the terms involving γ and Σ 3 , as well as the new contact terms.
For manifolds of b + 2 > 1, all the contact terms appear in the Seiberg-Witten contribution. They are given by the expression in (2.11), where the prepotential is now the prepotential F M (a D ) (notice that, as all the contact terms are regular at the monopole cusp, we can take as well the dual prepotential F D (a D )). In general we have a complicated expression which can be written explicitly using the previous results. In the simple type case, d λ = 0, the Seiberg-Witten moduli space consists of a finite set of points and counting them with appropriate signs we obtain SW (λ). We only have to compute the different functions at u = 1 (the first term in the expansion in a D ). Using also (3.18), we can already write an explicit expression for the SW contribution of λ to the Donaldson invariants at u = 1, with an arbitrary insertion of observables:
We see that the contact terms give, on the one hand, new contributions which depend on the intersection theory on X. On the other hand, there is a term coming from the intersection of the two-cycle Σ 3 ∩ Σ 3 with the Poincaré dual of the basic class λ, as was suspected in [6] using the cosmic string approach. Notice that all the coefficients in (4.16) are real, as needed for consistency.
We can now write an expression for the Donaldson invariants of non-simply connected manifolds of simple type, summing over the basic classes and considering both the monopole and the dyon contributions. Using the Z 2 symmetry on the u-plane, and taking into account the R-charges of the different terms in (4.16), we obtain:
(4.17)
Donaldson invariants for product ruled surfaces
In this section we will use the above results and the formulae in section 8 of [9] to write general expressions for the Donaldson invariants of product ruled surfaces
where F g is a Riemann surface of genus g. 
The standard constant curvature metrics for CP 1 , F g give natural representatives for
Thus, choosing coordinates z ∈ C for CP 1 and representing F g (for g > 1) as a quotient by a Fuchsian group of the the Poincaré disk: D = {w : |w| < 1}, we have
2 Curiously, the coefficient of (Σ 3 ) 4 is 1/96 = 2 −5 · 3 −1 . The factor of 3 would seem to imply divisibility proerpties by 3 for certain intersection numbers. These are easily confirmed in simple examples, but we did not find a general proof.
A metric with period point (5.1) then has scalar curvature 8π(e θ − e −θ (g − 1)) and will hence be positive for e 2θ > g − 1. By [7] there are no SW contributions to the Donaldson invariants for this metric. Thus, to compute the invariants in the chamber corresponding to the limit of a small volume for CP 1 (with θ positive and large), we need only evaluate the u-plane integral.
The value of the integral depends on the non-abelian magnetic flux w 2 (E) 
where we have taken into account the relation (2.17), and a 3 is given by (3.18) . We also have that (S, z) = (S, Σ). Using the computation leading to equation (8.15) of [9] , we see that the Donaldson invariants of product ruled surfaces in the limit of a small volume for CP 1 are given by
When we consider only insertions of zero and two-observables, the integration over the torus is easily done and we obtain the following expression for the Donaldson invariants of CP 1 × F g , which generalizes the expression obtained in [19] [9] for CP 1 × CP 1 :
This result is also valid when w 2 (E) = [CP 1 ], as in this case w 2 (E) 2 = 0.
For applications to Floer theory and Gromov-Witten theory the most interesting chamber is on the other side of the Kähler cone, namely when θ → −∞ giving a very small volume to F g . We can obtain the Donaldson invariants for this chamber by summing over all the wall-crossing discontinuities. In general, denoting the lift 2λ 0 of w 2 (E) by
with ǫ 1,2 = 0, 1 we have walls at ω · λ n,m = 0 where :
The infinite sums over wall-crossings can be written explicitly in terms of modular forms using a result of Kronecker [22] :
.
We will consider in detail the cases 2λ 0 [3] [25]. We consider only insertions of zero, one, and two observables (i.e. we put Σ 3 = 0). As w 2 (X) = 0 for product ruled surfaces, the only λ-dependent factors in the wall-crossing expression (3.16) are
whereS has been defined in (2.14) . Define now the formal variables
(5.9) 4 We require λ 2 < 0 rather than λ 2 ≤ 0 because the "walls" at λ 2 = 0 are on the light-cone, and are never crossed when moving from one chamber to another. 5 Curiously, this identity recently showed up in recent studies of elliptic quantum cohomology, [23] .
The sum of wall-crossings can then be written, for 2λ 0 = [CP 1 ], as 10) and for 2λ 0 = [
These explicit expressions are obtained from (5.7) by shifting θ 1 , θ 2 appropriately. The quotients of theta functions can be written in terms of Weierstrass σ functions, as in the blow-up formulae of [26] : h.
The value of the Weierstrass zeta function at ω 2 can be written in terms of E 2 (τ ) as
In fact, the terms in (5.12) involving η 2 cancel the E 2 factors in the wall-crossing formula, and the resulting expressions are modular forms of weight zero (after integrating on T b 1 ).
The coefficients in the expansion of the σ functions only depend on the zero-observable u. After writing the Seiberg-Witten elliptic curve in Weierstrass form, one has that and the root relevant for σ 3 (t) is e 3 = −u/12. We then have the expansions σ(t) = t − g 2 t where O is the zero-observable. Taking into account that the generator of the quantum cohomology of the moduli space of flat connections on F 1 (or of the Floer cohomology of
is given by β = −4O, we obtain the relation β = 8, which is the first quantum correction to the classical cohomology ring in genus one.
